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Guidance Algorithm Design: A Nonlinear Inverse Approach
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The design of a missile guidance algorithm valid for any initial missile and target orientation is described. The
limitations of proportionalnavigation-(PN-) or line-of-sight rate-based guidance for this problem are pointed out.
Design heuristics are explained, and general guidelines for the synthesis of guidance algorithms are stated. It is
shown that the design of an algorithm valid for any initial missile and target orientation leads to a nonlinear inverse
problem. Standard geometric methods for solving nonlinear inverse problems are adapted to derive a new class of
algorithms based on the relative heading error angle (RHEA). Examples of RHEA algorithms are then discussed
and compared with PN guidance for different engagement scenarios.

Nomenclature
am = missile acceleration
at = target acceleration
Vm = missile speed
Vt = target speed
Xm , Ym = dimensional missile coordinates
X t , Yt = dimensional target coordinates
xm , ym = nondimensionalmissile coordinates
xt , yt = nondimensional target coordinates
®m = nondimensionalmissile acceleration
®t = nondimensional target acceleration
µ = line of sight (LOS) angle
µ 0 = LOS rate
º = target to missile velocity ratio
½ = nondimensionaldistance to go
¿ = nondimensional time
Âm = missile heading angle
Ât = target heading angle
Ã = relative heading error angle

I. Introduction

T HE design of guidance algorithms may be de� ned loosely as
the art of � nding the correct acceleration commands needed

to move between two given points. Many different techniqueshave
been suggested for the design of guidance algorithms. These range
from the earliest guidance algorithms derived from physical in-
sight, for example, pursuit, proportional navigation (PN), and their
variants1¡4 to those derived from a systematic application of math-
ematical techniques.5¡10 References 5–10 are included as a repre-
sentative sample of more recent works. Recent trends in guidance
algorithm design may be classi� ed into two main approaches: 1)
the more established approach using optimization theory5¡8 and 2)
the more recent approachusing nonlineargeometricmethods.8¡10 A
combinationof both techniqueshas also been attempted.8 Guidance
algorithmsdesignedusingoptimizationtechniquesseek to minimize
some speci� ed objective such as the total acceleration required or
the time needed for an intercept. Although theoretically appealing,
the resulting guidance algorithms are often dif� cult to implement
becausethe accelerationcommandsmust be solved in real time with
full state measurements.Nevertheless, these optimal algorithms do
provide useful design benchmarks. The newer nonlinear geometric
approach is applicable to systems that are linear in the acceleration
and aims to construct guidance algorithms with speci� ed desired,
usually linear, dynamics, i.e., solve an inverse problem. Unfortu-
nately guidance laws derived by a naive application of nonlinear
geometric methods can suffer from serious � aws. In Ref. 10 such a
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guidancealgorithmwas found to be singularwhen the missile head-
ing is correctly aligned with the target for interception.As a result,
the algorithm was supplemented with traditional PN to ensure an
intercept.

In contrast to the methods mentioned, we adopt a different ap-
proach to the design problem by � rst examining the underlying
kinematicsof the interceptproblem. In particular,we are concerned
with the design of a guidance algorithm valid for any initial missile
and target orientation. This problem is related to the design of mis-
siles with all-aspect capabilities.We explain why traditionalPN- or
line-of-sight- (LOS-) rate-based guidance algorithms are not suit-
able for this problem. We then show that a guidance algorithmvalid
for any initial missile and target orientation can be derived if we
avoid the usual approach of using geometric methods as a means
for linearizing the dynamics.

The rest of the paper is organized as follows: Section II de� nes
the geometry of our guidance problem and provides a short in-
troduction to the solution of an inverse problem using nonlinear
geometric methods. Section III states some useful heuristics for
guidance algorithm design and modi� es the standard nonlinear ge-
ometric approachfor solvinga nonlinearinverseproblem.A general
class of relative heading error angle (RHEA) guidance algorithms
is then derived. Finally, in Sec. IV simulation results are presented
to compare the performanceof a speci� c RHEA algorithmwith PN
guidance.

II. Background and Problem Formulation
The geometry for the problem is de� ned in Fig. 1. The accel-

eration vectors for both missile and target are orthogonal to their
respective velocity vectors, as is typical of aerodynamic controlled
missiles and targets. This also implies that the applied acceleration
changes the direction but not the magnitude of the velocity vector.
Our main aim is to design a guidance algorithmvalid for any initial
missile Âm and target Ât heading angles. Using a � xed Cartesian
reference frame, the kinematic equations for a missile are

X 0
m D Vm cos Âm; Xm .0/ D 0 (1a)

Y 0
m D Vm sin Âm; Ym.0/ D 0 (2a)

Â 0
m D am =Vm; Âm.0/ D Âm.0/ (3a)

and for a target are

X 0
t D Vt cos Ât ; X t .0/ D R0 (4a)

Y 0
t D Vt sin Ât ; Yt .0/ D 0 (5a)

Â 0
t D at=Vt ; Ât .0/ D Ât .0/ (6a)

Without any loss of generality we have chosen the origin of the
Cartesian reference frame to coincide with the missile initial posi-
tion and the x axis aligned with the initial LOS. For convenience,
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Fig. 1 Problem de� nition.

Eqs. (1–6) can be rewritten in nondimensional form by scaling all
distances by R0 and velocities by Vm . For a missile, this leads to

x 0
m D cos Âm; xm.0/ D 0 (1b)

y 0
m D sin Âm; ym .0/ D 0 (2b)

Â 0
m D ®m; Âm.0/ D Âm.0/ (3b)

and for a target this leads to

x 0
t D º cos Ât ; xt .0/ D 1 (4b)

y 0
t D º sin Ât ; yt .0/ D 0 (5b)

Â 0
t D ®t =º; Ât .0/ D Ât .0/ (6b)

with the understanding that the prime now denotes differentiation
with respect to the new nondimensional time variable ¿ D R0=Vm t
and the velocityratio parameterº D .Vt=Vm / is always nonnegative
and is less than 1. For the interceptproblem, it is the relativedistance
of the target from the missile that matters; hence, we de� ne the
relative coordinates

x 0
r D .xt ¡ xm /0 D º cos Ât ¡ cos Âm (7)

y 0
r D .yt ¡ ym/0 D º sin Ât ¡ sin Âm (8)

and letting xr D ½ cos µ and yr D ½ sin µ in Eqs. (7) and (8) we
obtain the governing equations for ½ , the distance from the missile
to the target and the LOS angle µ ,

½ 0 D ¡º cos.Ât ¡ µ/ C cos.Âm ¡ µ / (9)

½µ 0 D º sin.Ât ¡ µ/ ¡ sin.Âm ¡ µ/ (10)

Equations (9) and (10) can also be obtained by a more elegant but
perhaps less obvious approach using a frame of reference rotating
with the LOS.

At this point it is necessary to highlight the key features of the
inverse problem studied in Refs. 9 and 10, where the main aim
is to improve the performance of PN guidance using differential
geometric methods. For a successful interception, ½ has to go to
zero, and the inverse problem requires us to � nd the correct missile
acceleration with this desired property for ½. The standard solution
is to differentiate Eq. (9) once to obtain an expression containing
the missile acceleration explicitly

½ 00 D ¡½.µ 0/2 C ®t sin.Ât ¡ µ/ ¡ ®m sin.Âm ¡ µ/ (11)

The required missile acceleration is then obtained from Eq. (11) by
setting

®m D
¡½ 00 ¡ ½.µ 0/2 C ®t sin.Ât ¡ µ/

sin.Âm ¡ µ/
(12)

where the desired behavior of ½ is chosen to be the output from any
asymptotically stable linear system. This is essentially the method
in Refs. 9 and 10, where a slightly longer derivation in Cartesian
coordinateswas used. The major problem with this algorithm is the
sin.Âm ¡ µ/ term in the denominator of Eq. (12). For a direct head-
on or tail chase interception, the missile heading will coincide with
the LOS, which means that sin.Âm ¡ µ/ D 0 or in� nite acceleration
will be required. Physically, this is unrealistic because one expects
the exact opposite, i.e., no acceleration should be required because
the missile is already on course for an interception. As such, this
guidancealgorithmwas modi� ed so that for small .Âm ¡µ/, a switch
to PN guidance is used to ensure an intercept.

Though the preceding algorithm has its limitations, it is still in-
teresting because it represents an attempt to modify PN guidance
for any initial missile and target orientation. PN guidance is a sim-
ple and well-tested algorithm. The key idea is that if a missile is
on an intercept course the LOS will not rotate. Hence, the required
acceleration is taken to be proportional to the LOS rate. It is also
well known that PN guidance minimizes the required acceleration
providedthe missile velocityvector is close to the LOS initially, i.e.,
small initial misalignment. For increasing initial misalignment, the
performance of PN guidance degrades. In fact, for a target moving
directly away from the missile in a straight line, PN guidance fails
completely because the LOS rate is zero leading to no acceleration
command. Physically for this case, one expects that maximum ac-
celeration should be used to turn the missile back toward the target.

The reason PN and the algorithm in Ref. 10 fails to work for
any initial missile and target orientation is that for an interception
to occur it is not the LOS rate or the distance-to-go that should be
selectedas theoutputto bedriven to zero.Rather,what reallymatters
is the alignmentof the relativevelocityvector with the LOS, and the
variable that must be driven to zero is the angle between the relative
velocity vector and the LOS, which we refer to as the RHEA. (This
should not be confused with pursuit guidance, which is based on
aligningthe missile velocityvectorwith the LOS.) With referenceto
Fig. 1, we de� ne the vector r D fcos µ; sin µg along the LOS and the
relative velocity vector Vr D fº cosÂt ¡ cos Âm ; º sin Ât ¡ sin Âmg.
Taking the dot product yields

Vr cos Ã D ¡r ¢ Vr

D º cos.Ât ¡ µ / ¡ cos.Âm ¡ µ/

D ¡½0 (13)

[compare the last equality with Eq. (9)]. From Fig. 2, we observe
that there are two possible cases, which dependon whetherVr tends
to increase or decrease the LOS angle. In the � rst case, where µ 0

is positive, we de� ne Ã to lie in the range 0–¼ . For the second
case, where µ 0 is negative,we take Ã to lie in the range ¡¼ –0. This
convention allows us to de� ne, using the cross product r £ Vr, a
complementary relationship

Vr sin Ã D º sin.Ât ¡ µ / ¡ sin.Âm ¡ µ/

D ½µ 0 (14)

[compare the last equality with Eq. (10)]. Thus, we observe that
the RHEA directly controls both the distance-to-go as well as the

Fig. 2 Convention for the RHEA.
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LOS rate, and driving Ã to zero ensures that both µ 0 and ½ will
go to zero, an important property omitted from previous studies.
Finally we need to derive the governingdifferential equation for Ã .
DifferentiatingEqs. (13) and (14) leads to

cos ÃV 0
r ¡ sin ÃVr Ã 0 D ®t sin.Ât ¡ µ/

¡ ®m sin.Âm ¡ µ/ ¡ µ 0Vr sin Ã (15)

sinÃV 0
r C cos ÃVr Ã 0 D ®t cos.Ât ¡ µ /

¡ ®m cos.Âm ¡ µ / C µ 0Vr cos Ã (16)

Solving for V 0
r and Vr Ã 0 we obtain

V 0
r D ®t sin.Ât ¡ µ C Ã/ ¡ ®m sin.Âm ¡ µ C Ã/ (17)

Vr Ã
0 D ®t cos.Ât ¡ µ C Ã/ ¡ ®m cos.Âm ¡ µ C Ã/ C Vr µ

0 (18)

Based on these results we are now almost ready to begin the algo-
rithm design.

III. Algorithm Design Heuristics
Before beginning the algorithm design it is advantageousto con-

sider the kinematics involved in the intercept problem. Failure to
appreciate the underlying kinematics can often lead to some rather
meaningless derivations and results. Any guidance algorithm, no
matter how complicated, must satisfy three basic rules. Intuitively,
if the missile is on track for an interception, then the algorithm
should not generate an acceleration command. We refer to this as
the � rst basic rule for guidance algorithm design. Another impor-
tant observation is that for a vehicle moving away from the target
.Ã.0/ < ¡¼=2 or Ã.0/ > ¼=2/ the distance-to-go½ must � rst in-
crease as accelerationis applied to steer the vehicle back toward the
target. Noting that ½2 D r ¢ r, the maximum distance-to-go occurs
when d.½2/=d¿ D 0 or when (r ¢ Vr/ D 0. This implies that ½ is
maximum when the RHEA is §¼=2. This is the second basic rule,
and it holds for any interception scenario, independentof the guid-
ance algorithm. In other words, for the inverse problem, one cannot
simply specify ½ to follow any desired dynamics. The desired dy-
namics for½ must be kinematicallyreasonable.This is anotherpoint
overlookedby previous studies. Finally, the third observationis that
for an intercept one should align the relative velocity vector with
the LOS. Hence, the algorithm must ensure that the RHEA Ã goes
to zero. Ideally, Ã should go to zero monotonically with time. The
three basic rules for guidance algorithm design are summarized as
follows.

Rule 1:

®m.Ã D 0/ D 0

Rule 2:

d½

dÃ
D 0 and

d2½

dÃ2
< 0 at Ã D §¼=2

Rule 3:

dÃ

d¿
< 0 for 0 < Ã < Ã.¿ D 0/ < ¼

dÃ

d¿
> 0 for ¡¼ < Ã.¿ D 0/ < Ã < 0

An important consequence of rule 2 is that for a guidance law to
be valid for all RHEA, one can write the distance ½ as a function
of Ã but not vice versa. This will be signi� cant in the subsequent
derivation.Graphically, the behavior of ½ as a function of Ã should
be similar to that shown in Fig. 3 for different initial RHEA. Note
that in Fig. 3, when the RHEA is 0, the distance-to-go need not be
zero. Physically, this means that the vehicle is now on track, and in
the absence of any target maneuvers, the missile will continue to
move toward the target in a straight line. With these points in mind,

Fig. 3 Qualitative behavior of distance-to-go vs RHEA.

we can now proceed to � nd the required acceleration command by
dividing Eq. (9) by Eq. (18) to obtain

d½

dÃ
D

¡V 2
r cos Ã

®t cos.Ât ¡ µ C Ã/ ¡ ®m cos.Âm ¡ µ C Ã/ C Vr µ 0
(19)

We need to use Ã as the independentvariablebecause,as mentioned
earlier, ½ is a function of Ã and not vice versa. Equation (19) is
nonlinear in the acceleration.Hence, standardgeometric methods11

for linearizing the system do not apply. Instead of specifying the
desired dynamics for ½ , we let the desired dynamics for Ã to be of
the form

dÃ

d¿
D ¡Vr g.Ã/ (20)

where g.Ã/ is a functionto bedetermined.Applying the threedesign
rules, the function g should possess the following properties.

Property 1:

g.Ã/ D ¡g.¡Ã/

i.e., g is an odd function and, hence, g.0/ D 0.
Property 2:

g.Ã/ > 0 for 0 < Ã · ¼

g.Ã/ < 0 for ¡¼ · Ã < 0

Together these properties ensure that Ã will go to zero from any
initial RHEA Ã0. A more rigorous proof may be performed using
the Lyapunov function V .Ã/ D 1

2 Ã2 ,

dV

d¿
D ÃÃ 0 D ¡Vr Ãg.Ã/ (21)

Because Vr is the magnitude of the relative velocity, it is always
positive. By properties 1 and 2, the term Ãg.Ã/ is an even function
of Ã and is nonnegative.Hence, V is a decreasing function of time
and must tend to its minimum valueat Ã D 0. Choosing this desired
dynamics for Ã requires that the missile accelerationtakes the form
[from Eq. (18)]

®m D ®t cos.Ât ¡ µ C Ã/ C V 2
r g.Ã/ C Vr µ

0

cos.Âm ¡ µ C Ã/
(22)

The form for the acceleration command is similar to that derived
in Ref. 10, but an important difference in this approach is that the
guidance algorithm is never singular. Taking the denominator in
Eq. (22) and using Eqs. (13) and (14),

cos.Ãm ¡ µ C Ã/ D cos.Âm ¡ µ / cos.Ã/ ¡ sin.Âm ¡ µ/ sin.Ã/

D 1 ¡ º cos.Ât ¡ Âm/

Vr

(23)

Because the velocity ratio º is always less than 1 and cos.Ât ¡ Âm /
always lies between §1, the following inequality holds:

0 < [1 ¡ º]=Vr · cos.Ãm ¡ µ C Ã/ · [1 C º]=Vr (24)
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In other words, the algorithm is never singular, and it holds for any
missile and target orientation. SubstitutingEq. (22) in Eq. (19), the
distance-to-gomust behave as

d½

dÃ
D cos Ã

g.Ã/
(25)

Integrating Eq. (25) yields

½.0/ D 1 ¡
Ã0

0

cos Ã

g.Ã/
dÃ D 1 ¡ I .Ã/ (26)

Because ½.0/ is the distanceat which the RHEA becomes zero, one
expects this distance to be bounded and nonnegative.Although the
integrand in Eq. (26) may be singular at Ã D 0, what matters is
that the integral must remain � nite. Thus, the design of the guid-
ance algorithm for any missile and target orientation is reduced to
the problem of � nding a suitable function g. The missile guidance
algorithm design can be restated as follows.

Problem: Missile guidance algorithm design. Find an odd func-
tion g.Ã/ such that g is positive for positiveÃ and the integral I .Ã/
in Eq. (26) is bounded and is never greater than 1.

For such functions, Eq. (22) de� nes a class of RHEA guidance
algorithms. One possible class of functions can be constructed as
follows. Note that for ¡¼ · Ã · ¼ ,

¡1
jÃ j1=n

·
cos Ã

jÃ j1=n
·

1
jÃ j1=n

(27)

Thus, for any initial RHEA, Ã0 and n > 1, the integral I .Ã/ is
always bounded for functions g.Ã/ of the form

g.Ã/ D K sign.Ã/jÃj1=n K > 0 (28)

where K is the algorithm gain and sign.Ã/ D ¡1 if Ã < 0 and is 1
otherwise to ensure that g.Ã/ is an odd function. This implies that
there exists a class of nth root RHEA guidance algorithms de� ned
as follows:

®m .Ã/ D ®t cos.Ãt ¡ µ C Ã/ C K V 2
r sign.Ã/jÃ j1=n C Vr µ

0

cos.Ãm ¡ µ C Ã/

for n > 1 (29)

The algorithm gain K is chosen so that ½.Ã D 0/ ¸ 0. From
Eq. (26), for the case n D 2, the minimum guidancegain is given by

Kmin D
¼=2

0

cos Ã
p

Ã
dÃ D 2

p
¼=2

0

cos t 2 dt (30)

which is related to a Fresnel integral12 and Kmin ¼ 1:995. This
suggests that for any initial RHEA, a minimum gain of 2 should be
adequatefor the square root RHEA algorithm.In the next sectionwe
will examine the performance of this particular RHEA algorithm.

IV. Simulation Results
In this section the performance of the square root RHEA algo-

rithm is compared with a PN algorithm. In nondimensional terms
the simulation parameters are velocity ratio º D 0:2, missile initial
heading Âm.0/ D ¡2:9 rad, target initial heading Ât .0/ D 0:0 rad,
missile initial coordinates D f0; 0g, and target initial coordinates
D f1; 0g. These parameters correspond to an initial RHEA close to
180 deg so that the PN algorithmdoes not fail because of zero LOS
rate. To check the robustness of the algorithm we have included
command saturationand a � rst-orderlag in the missile acceleration.
A nondimensional acceleration limit of §2 is used with a nondi-
mensional time lag of 0.1. These values are purposely chosen to be
worse than the values for a typical air-to-air missile. For a more re-
alistic simulation, the RHEA is computed on-line based on missile
and targetpositionandvelocitiesinsteadof integratingEqs. (17) and
(18) directly.Figure 4 shows the trajectory and missile acceleration
(nondimensional) for the PN algorithm.The PN guidancegain is set
to the optimal value of 3, as shown in Ref. 13. Figure 5 shows the
corresponding results for the RHEA algorithm with guidance gain

Fig. 4 Trajectory and acceleration vs time plots for PN guidance: ,
missile, and £ , target position at unit time intervals.

Fig. 5 Trajectory and acceleration vs time plots for RHEA guidance:
, missile, and £ , target position at unit time intervals.

Fig. 6 Trajectory and acceleration vs time plots for modi� ed PN guid-
ance: , missile, and £ , target position at unit time intervals.

K D 2. It can be observed that the PN algorithm is unable to uti-
lize the maximum allowable accelerationbecauseof the large initial
RHEA (and, hence, low-LOS rates) at the start, and it takes about
twice as long to intercept the target. For an initial RHEA of 180
deg, the PN algorithmwould have failed completely.The RHEA al-
gorithm was also compared with PN algorithmssupplementedwith
various turning strategies for large initial misalignment. One of the
better turning strategies explored is based on the RHEA, and this
algorithmapplies maximum accelerationuntil the RHEA decreases
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Fig. 7 Trajectory and acceleration vs time plots for RHEA guidance–

maneuvering target: , missile, and £ , target position at unit time
intervals.

to within §90 deg and then it switches over to PN guidance. Physi-
cally, this means that the algorithm tries to correct the misalignment
as quickly as possible. In Fig. 6, the trajectory and acceleration for
this modi� ed PN algorithm is shown for the same initial conditions.
Comparing with Fig. 5, the time to intercept for both algorithms
are both close to 3.5 nondimensional time units, but the RHEA al-
gorithm clearly uses less acceleration and places the missile in an
almost direct intercept course (no acceleration) at the end of the
turn. Simulations for a maneuvering target were also carried out.
In Fig. 7, the results for a target executing a bank-to-bank turn
[®t D 0:1 cos.¿/] is shown. In this case the initial RHEA is chosen
to be exactly 180 deg, and the RHEA algorithm is capable of steer-
ing the missile back toward the target. Similar results were obtained
for other initial missile and target orientations, and the algorithm
was found to be robust to acceleration saturation and lags.

V. Conclusions
The key results of this study are as follows.
1) A different perspective for designing guidance algorithms is

stated, and it is shown that for successful target interception, it is
suf� cient to drive the angle between the relative velocity vector and
the LOS or the RHEA to zero.

2) The use of the RHEA as the output, as opposed to more in-
tuitive quantities such as the distance-to-go or LOS rate, leads to
a nonsingular solution of the nonlinear inverse guidance algorithm
design problem. The drawback is that the resulting equations are
nonlinear in the output and cannot be solved using standard dif-
ferential geometric methods. In this study an appreciation of the
physical problem plays an important part in deriving the solution.

3) A general class of RHEA-based algorithms are de� ned. An
important consequenceof using the RHEA is that these algorithms
are valid for any initial missile and target orientation and do not
require additional ad hoc modi� cations.

4) An explicit example for constructing a speci� c RHEA algo-
rithm from the general class is stated. Simulation results show that
the resulting square root RHEA algorithm is robust to acceleration
saturation and lags and compare favorably with PN and modi� ed-
PN type algorithms in terms of required acceleration and time to
intercept.
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